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Abstract—We introduce two new strategies into the conventional chaotic evolution (CE) to facilitate the exchange of information between individuals instead of searching independently, and
propose a cooperative CE (CoCE) with stronger performance.
The first strategy designs a new crossover operation to ensure that
mutant individual’s exchange genes with other better individuals.
Specifically, a mutant individual does not cross with its parent
individual, but with a randomly selected individual whose fitness
is not worse than that of the parent individual. The second
strategy introduces an additional attraction generated by the
randomly selected individual acting on the mutant individual,
which can allow the offspring individual to prefer potential areas
and speed up the search process. To evaluate the performance
of our proposed strategies, we configure CoCE and CE with the
exact same parameter settings and run them on 28 benchmark
functions from CEC 2013 test suites. Each benchmark function
is run 30 times independently on three different dimensions (i.e.,
2-D, 10-D, and 30-D), and we also apply the Friedman test and
Holm’s multiple comparison test to check significant differences
between CE and its three variants at the termination condition.
The experimental results confirmed that our proposed CoCE has
a faster convergence speed and higher convergence accuracy, and
the acceleration effect is more significant for high dimensional
optimization problems.
Index Terms—Chaotic Evolution, Cooperative Chaotic Evolution, Evolutionary Computation, Optimization, Ergodicity

I. I NTRODUCTION
Inspired by the theory of biological evolution, evolutionary
computation (EC) uses multiple individuals (candidate solutions) to search the solution space and gradually converge to
the optimum. The classical EC algorithms, such as genetic
algorithm [1] and genetic programming [2], use crossover and
mutation operations to generate new offspring individuals, and
a fitness function plays a role in natural selection and survival
of the fittest to improve the accuracy of individuals. Although
these EC algorithms cannot guarantee that individuals will
converge to the global optimum, they can often converge to
acceptable solutions at a given computational cost. Thanks
to their many outstanding characteristics, e.g., parallelism,
robustness, intelligence, and practicability, they are widely
applied in complex real-world applications and have achieved
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satisfactory results, such as dry gear hobbing [3], fashion
design [4], web information retrieval [5], and others [6], [7].
Since the birth of EC algorithms, they have attracted a lot
of attention, especially in recent years. Many practitioners are
committed to further improving the performance of existing
EC algorithms by integrating new and effective search strategies. For example, Murata et al. proposed a mathematical
estimation method to calculate the global optimum [8], and
then Yu et al. use the estimated convergence point(s) as an elite
individual(s) to accelerate the EC search [9]–[12]. Besides,
some scholars borrowed group behavior of organisms, natural
phenomena and even human social history to develop various
new EC algorithms, among them, particle swarm optimization
(PSO) [13], differential evolution [14], and others [15]–[17]
are widely known.
As a new family member of EC algorithms, chaotic evolution [18] (CE) fuses iteration of EC and ergodicity of chaotic
systems to find the global optimum, and many variants of
the conventional CE are springing up like mushrooms. For
example, Li et al. used an opposition-based learning strategy
to improve the search efficiency [19], and Pei et al. integrated
human sensibility into CE to develop the interactive CE [20].
Although these improved versions have achieved better performance, there is still room for further improvement. We notice
that the conventional CE overemphasizes random search and
ignores the importance of cooperation between individuals.
This is also the reason why the paper was proposed.
The main objective of this paper is to propose two strategies
to enhance cooperation and information exchange between
individuals. The first strategy uses a new crossover operation
to enable mutant individuals to exchange information with
other better individuals; the second strategy makes mutant
individuals bias potential areas and reduce the random search.
The secondary objective is to analyze the contribution of
two proposed strategies to performance improvement and
investigate the types of problems they solve well. We finally
give several potential research directions for discussions.
The remaining paper is organized as follows. We briefly
review the optimization principle and implementation details
of the conventional CE in Section II. The proposed two
strategies are comprehensively described in Section III, and
a series of controlled experiments are designed to evaluate the

Fig. 1. The logistic map outputs different results when µ in the Eq. (1) is set to different values and initial value is set to 0.7. X- and Y-axes are the number
of iterations and outputs of the system, respectively. This figure is adopted from [18]

performance of our proposal in Section IV. We finally analyze
the applicability of our proposal and summarize our work in
Sections V and VI.
II. C HAOTIC E VOLUTION
Chaos is an inherent characteristic of nonlinear dynamic
systems and is a ubiquitous phenomenon in nonlinear systems.
It has irregular movements that seem to be random, whose
behavior is manifested as uncertainty, non-repeatable, and
unpredictable. Chaos shows quite complex random behavior
that cannot determine the future state of the system based on
the given initial conditions. Chaos does not mean disorder,
there is order in chaos, and chaos may also appear in the
process of the order. Thus, the key problem of chaos theory
is to discover the internal ordered structure hidden in the
unpredictable disorder phenomenon. Currently, chaos theory
has been widely used in many scientific disciplines, including
mathematics, information technology, engineering, philosophy,
physics, demography, psychology, and others.
Although it is difficult to define a chaotic system with
rigorous mathematics, we can use some criteria to judge
whether a system is a chaotic system. First, a chaotic system
is sensitive to the initial state, i.e., a slight change in the
initial state can lead to disproportionately large consequences.
Second, the geometry of the system’s orbit in phase space
can be described by fractal dimension. Third, the system is
an ordered state with no periodicity, has an infinite level of
self-similar structure, and has a scale-free region. We thus
can determine that the system with the above characteristics
is chaotic. Here, the famous logistic map system can be
expressed in Eq. (1), and Fig. 1 shows that the system is a
chaotic system when the parameter µ is set to 4.

xn = µ × xn−1 × (1 − xn−1 ).

(1)

It is noticed that iteration of EC and ergodicity of chaotic
systems can be fused to develop a new population-based CE
algorithm [18]. CE thus inherits the advantages of both so that
it can converge to the global optimum quickly. Similar to most
existing EC algorithms, CE also randomly generates multiple
individuals to form an initial population. Each individual uses
a pre-selected chaotic system to generate a mutant individual,
and then the mutant individual crosses with its parent individual to generate a chaotic individual. Finally, the chaotic
individual and the parent individual are compared, and the
winner survives to the next generation. The above process is
repeatedly executed until a termination condition is satisfied,
and the optimal solution found is output.
Note that the conventional CE uses the logistic map, i.e.,
Eq (1), as the selected chaotic system and sets the parameter
µ is set to 4. Besides, more details of CE’s implementation
can be found in the literature [18].
III. C OOPERATIVE C HAOTIC E VOLUTION
The ergodicity of chaotic systems ensures that individuals
can access any location in the search space, while iteration of
EC ensures that individuals can converge to better areas gradually. The conventional CE achieves satisfactory performance
owing to the inheritance of these characteristics. However, we
found that each CE’s individual performs independent searches
without any interaction with others, which may greatly reduce
the convergence speed. Besides, some literature also confirms
that introducing cooperation mechanisms properly is beneficial
to improve the convergence speed and accuracy [21]. We

thus propose two cooperative strategies to further improve CE
performance using sharing information between individuals.
A. Better-based Crossover Strategy
The conventional CE uses Eqs. (2) and (3) to generate
mutant individuals and chaotic individuals, respectively. Each
parent individual only searches its surrounding space independently and depends on the chaotic system to generate an
offspring individual. This may cause a new problem, that
is, when parent individuals fall into local areas and cannot
escape, they may waste a lot of computational costs until better
offspring individuals appear. We thus propose a better-based
crossover strategy to overcome these defects found.
mutanti = parenti × (1 + Di × CPi ).

(2)

chaotici = Crossover(parenti ; mutanti ).

(3)

where the subscript i indicates the i-th individual in the current
population, Di is the direction factor, whose value is either 1
or -1, CPi is a random chaotic parameter located at (0,1), and
is updated every generation by a chaotic system.
We expect to use the new crossover operation to improve
search efficiency and escape from trapped local areas quickly
through information exchange between individuals. As an
attempt, the first strategy modifies the crossover object from
parent individuals to randomly selected individuals that are not
worse than their parent individuals. Thus, the proposed betterbased crossover strategy can be summarized as Eq. (4), and
use Eq. (4) instead of Eq. (3) to generate chaotic individuals.
Note that the generation of mutant individuals is still the same
as the conventional CE, i.e., Eq. (2).
chaotici = Crossover(better; mutanti ).

(4)

where, better represents a randomly selected individual whose
fitness is not worse than parenti in Eq. (2).
B. Random Aggregation Strategy
The second strategy draws lessons from the idea of PSO
updating particles’ location. The core idea of this strategy
is to encourage individuals to prefer better areas rather than
completely random search. To avoid premature convergence,
we do not use the current best individual but randomly selected
individuals that are not worse than parent individuals to attract
chaotic individuals. Thus, the offspring individuals can prefer
different potential areas instead of the current common optimal
area, which can not only improve the convergence speed but
also avoid the rapid loss of diversity. This is also why we
call this strategy random aggregation strategy. Eq. (5) summarizes how our second strategy enables chaotic individuals
to slightly favor potential areas, and Fig 2 shows the effect
of conventional chaotic individuals after being attracted by
better individuals. In our following experiments, we set the
two better-selected individuals in our proposed two strategies
to be the same, of course, we can also select different better
individuals separately.

Algorithm 1 The general framework of CE with our two
proposed strategies. P S: population size. Steps 6 and 7 are
our proposed two strategies, respectively.
1: Initialize population randomly.
2: Evaluate the population.
3: while A termination condition is not reached do
4:
for i = 0; i < P S; i + + do
5:
Generate the i-th mutant individual using Eq. (2).
6:
Generate the i-th chaotic individual using Eq. (4).
7:
Use Eq. (5) to attract the i-th chaotic individual
generated in step 6, and then generate the new i-th
chaotic individual shown in Fig 2.
8:
Compare the new i-th chaotic individual with i-th
parent individual, and the winner enters the next
generation.
9:
end for
10: end while
11: Output the found optima.

newchaotici = chaotici + CPbetter × (better − chaotici ).
(5)
where better and newchaotici are a randomly selected individual and i-th chaotic individuals after being attracted,
CPbetter is the chaotic parameter of the selected individual.
So far, implementation details of our proposed two strategies
have been described comprehensively, and Algorithm 1 gives
a general optimization framework of CE combined with our
proposed two strategies.
IV. E XPERIMENTAL E VALUATIONS
We select the conventional CE as the baseline algorithm
and combine it with both proposed strategies. Besides, we
also separately combined the proposed two strategies and the
baseline algorithm, i.e., the conventional CE, to analyze their
respective contributions to performance improvement. Thus,
four variants as shown in Table I are proposed, and then run
them on 28 benchmark functions from CEC 2013 test suits
[22] to analyze their performance. Each function is run 30
trial times independently in 3 different dimensions, i.e., 2-D,
10-D, and 30D. Tables II and III show the characteristics of 28
functions and the parameter configuration of four CE variants
used in our experiments.
TABLE I
F OUR DIFFERENT CE VARIANTS DERIVED FROM DIFFERENT
COMBINATIONS OF OUR PROPOSED STRATEGIES .
1
2
3
4

conventional CE
conventional CE + better-based crossover strategy
conventional CE + random aggregation strategy
conventional CE + both strategies

We use the number of fitness evaluations instead of generations to terminate our experiments to ensure fairness, i.e.,

Fig. 2. The attractive effect of the second strategy. (a) our proposed two strategies use a same randomly selected better individual; (b) our proposed two
strategies use different randomly selected better individuals.

TABLE II
B ENCHMARK F UNCTIONS : U NI = UNIMODAL , M ULTI = MULTIMODAL ,
C OMP.=C OMPOSITION
No.
F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28

Types

Uni

Multi

Comp.

Characteristics
Sphere function
Rotated high conditioned elliptic function
rotated Bent Cigar function
Rotated discus function
different powers function
Rotated Rosenbrock’s function
Rotated Schaffers function
Rotated Ackley’s function
Rotated Weierstrass function
Rotated Griewank’s function
Rastrigin’s function
Rotated Rastrigin’s function
Non-continuous rotated Rastrigin’s function
Schwefel’s function
Rotated Schwefel’s function
Rotated Katsuura function
Lunacek BiRastrigin function
Rotated Lunacek BiRastrigin function
Expanded Griewank’s plus Rosenbrock’s function
Expanded Scaffer’s F6 function
Composition Function 1 (n=5,Rotated)
Composition Function 2 (n=3,Unrotated)
Composition Function 3 (n=3,Rotated)
Composition Function 4 (n=3,Rotated)
Composition Function 5 (n=3,Rotated)
Composition Function 6 (n=5,Rotated)
Composition Function 7 (n=5,Rotated)
Composition Function 8 (n=5,Rotated)

Optimum
fitness
−1400
−1300
−1200
−1100
−1000
−900
−800
−700
−600
−500
−400
−300
−200
−100
100
200
300
400
500
600
700
800
900
1000
1100
1200
1300
1400

our experiments are stopped and the optimal solutions found
are output when the maximum number of fitness evaluations
is reached. The Friedman test and Holm multiple comparison
test are applied to check significant differences among four CE
variants at the stop condition, and the results of the statistical
tests are summarized in Table IV. Fig.s 3 and 4 also shows the
average convergence curves of the four CE variants in 30-D.
V. D ISCUSSIONS
We first want to discuss the benefits of our proposal.
Although the ergodicity of a chaotic system and the iteration
of EC make individuals gradually evolve toward the optimal
area, we found that the conventional CE still has some defects.
A non-ignorable problem is that all individuals search the

TABLE III
T HE PARAMETER SETTINGS OF FOUR CE VARIANTS USED IN OUR
EXPERIMENTS .

population size for 2-D, 10-D, and 30-D search
DR: direction factor rate
CR: crossover rate
M AXN F C : max. # of fitness evaluations for search

50
0.5
0.7
2, 000 × D

space independently and have no interaction with others.
This means that adding or deleting individuals will not affect
other individuals. Each individual only searches its local area
and converges along a potential direction, which brings two
defects. The first one is that the low efficiency of information
utilization leads to slow convergence speed; the other is that
it is difficult to escape from trapped local areas by relying
solely on a local random search. Fortunately, our proposed
two strategies can circumvent the above defects effectively.
The core idea of the first strategy, i.e., better-based
crossover strategy, is to increase the information exchange
with other better individuals. Here, we use randomly selected
better individuals instead of the current best individual to cross
mutant individuals and then generate chaotic individuals; in
other words, individuals in every generation can exchange
information with different better individuals, which can not
only improve search efficiency but also increase the diversity
of the population as much as possible.
The core idea of the second strategy, i.e., random aggregation strategy, is to increase the convergence speed and reduce
random search through information sharing. Each individual
will shift slightly towards a randomly selected better individual, except for the conventional random search direction.
This can help the individual escape from a trapped local area
quickly and converge towards a better area faster. It is worth
mentioning that both of the two strategies do not add any
additional fitness evaluation, and the increased CPU time can
be almost ignored. We thus can say that our proposal is a high
return and low cost.
Secondly, we want to talk about the applicability and
scalability of our proposed two strategies. Not limited to the
conventional CE, our proposal can be easily combined with
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Fig. 3. Average convergence curves of four CE variants of 30-D F1 –F16 benchmark functions.
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Fig. 4. Average convergence curves of four CE variants of 30-D F17 –F28 benchmark functions.

other CE variants, and only need to replace the corresponding
operations with our proposed strategies. Besides, the two
strategies are separable, which means that we can use either
of them to speed up the CE search process according to the
actual needs. Although we propose two methods to realize
the optimization idea of cooperation among individuals, other
methods to achieve this cooperative idea are also acceptable.
For example, we can use information sharing among multiple individuals to guide evolution, or use other methods
to exchange information between individuals. In short, our
strategies are easy to use and highly scalable.

ods dynamically or adjust the degree of cooperation (i.e.,
strengthen, maintain or weaken cooperation) according to
the current scenario. Besides, accelerating the convergence
speed may lead to loss of diversity, which means that the
convergence speed is fast in the early stage but slow or even
stagnant in the later stage. We notice that some cases in Fig.s
3 and 4 have shown this trend. Thus, how to balance the
diversity and convergence in the entire optimization process is
also an interesting topic. In addition to the topics mentioned
above, there are many other topics worth studying, such as
introducing more ways to share and exchange information.

Next, we give some open topics for discussions. This paper
mainly introduces the idea of cooperation between individuals to improve information utilization and search efficiency.
Naturally, how to adopt appropriate cooperation methods has
become the core topic. Since different optimization problems
often have different characteristics, even different stages of
the same problem may show different characteristics, it is
a meaningful topic to switch appropriate cooperation meth-

Finally, we use the Friedman test and Holm’s multiple
comparison test to check significant differences among four
CE variants. The results of statistical tests show that the second
strategy contributes more to performance improvement than
the first strategy, and the combination of the two strategies
has a better effect on complex problems. This may be because
using multiple cooperation methods can take into account the
advantages of the two strategies and strike a good balance.

TABLE IV
S TATISTICAL TEST RESULTS OF THE F RIEDMAN TEST AND H OLM ’ S MULTIPLE COMPARISON TEST FOR AVERAGE FITNESS OF 30 TRIAL RUNS AMONG
FOUR VARIANTS AT THE STOP CONDITION . A  B AND A > B MEAN THAT A IS SIGNIFICANT BETTER THAN B WITH SIGNIFICANT LEVELS OF 1% AND
5%, RESPECTIVELY. A ≈ B MEANS THAT ALTHOUGH A IS BETTER THAN B, THERE IS NO SIGNIFICANT DIFFERENCE BETWEEN THEM . S YMBOLS 1-4
ARE DEFINED IN THE TABLE I.
F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28

2D
4≈321
3≈1≈2≈4
3≈1≈4≈2
3≈1≈2≈4
3>421
3≈42≈1
3≈412
3≈421
3≈42>1
3≈421
3241
3≈42>1
4≈321
3241
3>2>41
4≈2≈3≈1
1≈2≈43
4≈1≈2≈3
3≈4≈2≈1
3≈421
213≈4
3241
3≈42≈1
3≈42≈1
4≈321
4≈32>1
2≈4≈31
4≈321

10D
3241
4≈32≈1
2≈4≈31
4≈3≈2≈1
2≈4≈31
4≈3≈21
4≈321
1≈4≈2≈3
3≈421
4≈3>21
4≈321
4321
4≈321
4>3>21
4≈32≈1
2≈4≈1≈3
43≈21
4≈321
4231
4≈3≈21
2>3≈41
3≈4>21
4≈32≈1
1>3≈4>2
4≈3≈12
4≈321
3≈421
3≈42>1

Besides, the acceleration effect of our proposal becomes more
obvious as the dimension increases. However, our proposal
does not play any role in F16 , and we speculate that F16 has
a large number of similar and close local areas, which makes it
difficult for our strategies to achieve effective cooperation. Of
course, real reasons are further analyzed in our future work.
VI. C ONCLUSION
We proposed two cooperative strategies to further improve
the performance of the conventional CE. The first strategy
introduces a new crossover operation to facilitate the exchange
of information between individuals and increase the diversity
of the population; the second strategy encourages individuals
to prefer randomly selected better areas to accelerate convergence and avoid falling into local areas. The experimental
results confirmed that our proposed two strategies are effective,
and their acceleration effect becomes more obvious as the
dimension increases.
In our future work, we will analyze the relationship between collaboration and competition more comprehensively,
and propose an adaptive control strategy to balance them
well and achieve stronger performance. Besides, we also
intend to introduce more ways of cooperation and use the
real-time information collected from the evolution process to
dynamically select an appropriate way of cooperation. These
study subjects will be involved in our future work.

30D
3≈4≈21
4≈321
4≈321
4≈321
3≈412
2≈4≈31
3≈421
3≈2≈4≈1
3≈42≈1
4≈3>21
3≈421
3≈421
4≈321
4≈321
4≈31≈2
1≈2≈4≈3
4≈321
3≈421
2≈3≈41
4≈321
4≈321
4≈321
4≈32≈1
4≈3>21
4≈3≈21
21≈3≈4
3≈421
3≈2≈41
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